Introduction
The following conjecture arises from remarks in Fischer-Colbrie-Schoen ( [FCS] , Remark 4, p. 207): If (M, g ) is a complete Riemannian 3-manifold with nonnegative scalar curvature and if Σ is a two-sided torus in M which is suitably of least area then M is flat. Such a result, as Fischer-Colbrie and Schoen commented, would be an interesting analogue of the Cheeger-Gromoll splitting theorem. Here we present a proof of this conjecture assuming Σ is of least area in its isotopy class. We also present some examples which show that it is not sufficient to assume Σ is stable. Our version of the conjecture is a consequence of the following local result, which is the main result of the paper. Theorem 1. Let (M, g) be a C ∞ 3-manifold with nonnegative scalar curvature, S ≥ 0. If Σ is a two-sided torus in M which is locally of least area (see Section 2), then M is flat in a neighborhood of Σ.
It follows that Σ is flat and totally geodesic and that locally M splits along Σ. A partial infinitesimal version of Theorem 1 was observed in [FCS] , namely, if Σ is a stable minimal two-sided torus in M with nonnegative scalar curvature then Σ must be flat and totally geodesic, and the scalar curvature and normal Ricci curvature of M vanishes along Σ. In [CG] the authors proved Theorem 1 under the assumption that M is analytic. The result in the analytic case follows as an immediate consequence of a more general result which holds for C ∞ manifolds, see Theorem B in [CG] . Here we will make use of Theorem B to present a proof of Theorem 1.
We note that, under the assumptions of Theorem 1, M need not be globally flat. Consider, for example, S 1 × S 2 , where S 2 is a sphere which is flattened near the equator E. Then S 1 × E is a torus which is locally of least area in S 1 × S 2 . At the end of the paper we describe how to attach an end to this example so as to obtain a complete noncompact 3-manifold of nonnegative scalar curvature which contains a torus which is locally of least area. Such an example can be constructed which is topologically R 3 and is asymptotically flat (see Proposition 1). The idea of the proof of Theorem 1 is as follows. It is first shown that Σ cannot be locally strictly of least area. If it were, then under a sufficiently small perturbation of the metric to a metric of (strictly) positive scalar curvature, Σ would be perturbed to a torus which is still locally of least area. But this would contradict the fact that a compact two-sided stable minimal surface in a 3-manifold with strictly positive scalar curvature must be a sphere, cf. Theorem 5.1 in [SY] . It is then shown that on each side of Σ there is a torus which is locally of least area. By cutting out the region bounded by these two tori and pasting it appropriately to a second copy, one obtains, using Theorem B, a smooth 3-torus with nonnegative scalar curvature. By Schoen and Yau [SY] , this 3-torus must be flat, and Theorem 1 follows. The details of the proof are presented in the next section. Further results are presented in Section 3.
Proof of Theorem 1
In all that follows we work in the C ∞ category. All surfaces considered are assumed to be embedded. By definition, a compact two-sided surface Σ in a 3-manifold M is locally of least area provided in some normal neighborhood V of Σ,
where A is the area functional. If the inequality is strict for Σ ′ = Σ, we say that Σ is locally strictly of least area. Note that "locally of least area" implies "stable minimal".
Let V be a normal neighborhood of a compact two-sided surface Σ in a 3-manifold M . Then, via the normal exponential map, V = (−ℓ, ℓ)×Σ, and the metric g = ds 2 takes the form,
The following is a restatement of part of Theorem B in [CG] .
Lemma 1. Let (M, g) be a 3-manifold with nonnegative scalar curvature, S ≥ 0. Suppose Σ is a two-sided torus in M which is locally of least area. Then with respect to geodesic normal coordinates along Σ (see equation 1),
for all n and all x ∈ Σ.
Lemma 1 is used below to ensure that after certain cut and paste operations the resulting metric is smooth.
Lemma 2. Suppose Σ is a compact two-sided surface in a 3-manifold (M, g) with nonnegative scalar curvature, S(g) ≥ 0. Then there exists a neighborhood U of Σ and a sequence of metrics {g n } on U such that g n → g in C ∞ topology on U , and each g n has strictly positive scalar curvature, S(g n ) > 0.
Proof. Let V = (−ℓ, ℓ) × Σ be a normal neighborhood of Σ, so that the metric g takes the form (1). Consider the sequence of metrics g n = e −2n −1 t 2 g. A straight forward computation gives,
where H t is the mean curvature (in the metric g) of Σ t = {t} × Σ. It is clear that by taking ℓ sufficiently small and n sufficiently large we have S(g n ) > 0.
In the next lemma we show that if Σ ⊂ M is locally strictly of least area then by perturbing the metric of M slightly, Σ gets perturbed to a surface which is still locally of least area.
Lemma 3. Suppose Σ is a compact two-sided surface in (M 3 , g) which is locally strictly of least area. Let {g n } be any sequence of metrics such that g n → g in C ∞ topology. Then for any neighborhood U of Σ and any positive integer N there exists, for some n ≥ N , a surface Σ n ⊂ U isotopic to Σ in U which is locally of least area in (M, g n ).
Proof. The proof makes use of basic existence and convergence results for least area surfaces. Let V = [−ℓ, ℓ] × Σ be a compact normal neighborhood of Σ contained in U , and restrict attention to the compact Riemannian manifold-with-boundary (V, g). Since Σ is locally strictly of least area, we can choose ℓ sufficiently small so that,
where I(Σ) is the isotopy class of Σ in V , and A g is the area functional in the g metric.
. By making the derivatives f ′ (±ℓ) sufficiently large in absolute value, with f ′ (ℓ) > 0 and f ′ (−ℓ) < 0, we obtain a conformally related metricḡ = e f g with the following properties.
(1)ḡ|
(2) (V,ḡ) has strictly mean convex boundary, i.e., ∂V has positive mean curvature.
For each n, setḡ n = e f g n . Then the metricsḡ n satisfy:
∞ topology and (3) for n sufficiently large, (V,ḡ n ) has mean convex boundary. For each such n let,
Then by Theorem 5.1 and Section 6 in [HS] (see also [MSY] ) there exists for each n a surface Σ n ∈ I(Σ) such that Aḡ n (Σ n ) = α n . In applying the results from [HS] we have used the fact that V is P 2 -irreducible (provided Σ = S 2 , P 2 ) and that V does not contain any compact one-sided surfaces. (If Σ = S 2 or P 2 , one may appeal to Theorem 5.2 in [HS] and use specific features of the topology of [−ℓ, ℓ] × Σ).
For each n, Σ n is a compact stable minimal surface in (V,ḡ n ), and the sequence {α n } is bounded. It then follows by well-known convergence arguments that there is a subsequence of surfaces, call it again {Σ n }, which converges locally in C ∞ topology to a compact (embedded) minimal surfaceΣ in (V,ḡ); see especially Section 2.2 in [M] , which applies fairly directly to the situation considered here. By the nature of the convergence, {Σ n } is eventually contained in any tubular neighborhood of Σ, and for n sufficiently large, Σ n will be transverse to the normal geodesics ofΣ. It follows that Σ n coversΣ via projection along the normal geodesics. SinceΣ is necessarily two-sided (again, because V does not contain any compact one-sided surfaces), it follows that the covering ofΣ by Σ n must be one-sheeted, i.e., projection along the normal geodesics ofΣ provides a diffeomorphism of Σ n ontoΣ; see e.g., [S] .
Thus,Σ is isotopic to Σ since each Σ n is. Furthermore, we have,
Since Σ is strictly of least area in its isotopy class in (V,ḡ), we conclude thatΣ = Σ. But by the above convergence, this means that for n large enough, Σ n is contained in int V 0 , in whichḡ n = g n . It follows that, for such n, Σ n is locally of least area in (V, g n ). This concludes the proof of Lemma 3.
Proof of Theorem 1. Let V = (−ℓ, ℓ) × Σ be a normal neighborhood of Σ with metric g as in equation (1). Choose ℓ sufficiently small so that Σ is of least area in its isotopy class in V. For technical reasons we modify the metric g as follows. Letĝ be the metric on V of the form (1) but with component functionsĝ ij , 1 ≤ i, j ≤ 2, defined by,ĝ
(V,ĝ) is a smooth Riemannian manifold (by Lemma 1) such that S(ĝ) ≥ 0 and reflection across Σ, (t, x) → (−t, x), is an isometry. Further, Σ is of least area in its isotopy class in (V,ĝ). By choosing ℓ even smaller if necessary, we guarantee that Lemma 2 holds for the neighborhood U = V .
If Σ were strictly of least area in its isotopy class in (V,ĝ) then Lemmas 2 and 3 would imply that there is a two-sided stable minimal torus Σ ′ near Σ with respect to some metric of strictly positive scalar curvature on V . This would contradict Theorem 5.1 in [SY] . Thus, there exists a surfaceΣ ∈ I(Σ),Σ = Σ such that Aĝ(Σ) = Aĝ(Σ). Hence,Σ is also of least area in its isotopy class.
We claim thatΣ is contained in one of the components of V \ Σ. If not, then Σ and Σ must meet. SinceΣ and Σ are stable minimal tori in (V,ĝ) they must be totally geodesic (cf. [FCS] ). Since they are totally geodesic and distinct, they must meet transversally. Thus, the intersection ofΣ and Σ will consist of a finite number of circles. By reflecting the portion ofΣ in (−ℓ, 0] × Σ across Σ to [0, ℓ) × Σ and smoothing out the resulting ridge along the circles of intersection, we obtain a surface isotopic to Σ with less area than Σ, which is a contradiction. Thus,Σ lies to one side of Σ and does not meet Σ.
These arguments imply that in the original Riemannian manifold (V, g) there exist two tori Σ + and Σ − , one on each side of Σ, each isotopic to Σ and each locally of least area. Let W be the region in V bounded by Σ + and Σ − . Standard properties of isotopies [H] imply that W has topology [−1, 1] × T 2 . By taking two copies of W and gluing them appropriately along their boundaries, we obtain, by Lemma 1, a smooth Riemannian manifold with nonnegative scalar curvature which is diffeomorphic to a 3-torus. By Schoen and Yau [SY] , this 3-torus, and hence W must be flat.
Further Results
By fairly standard continuation arguments, Theorem 1 can be globalized as follows. is not an isometry. The only way this can happen is if two normal geodesics to Σ, γ x i , i = 1, 2, meet at t = ℓ, γ x 1 (ℓ) = γ x 2 (ℓ). Since there can be no focal points to Σ along γ x i | [0,ℓ] , there exists a neighborhood U i of x i in Σ such that Φ :
Hence, Φ({ℓ} × U i ) is an embedded totally geodesic hypersurface in M 0 which (by the choice of ℓ) is a constant distance ℓ from Σ. It follows that Φ({ℓ} × U 1 ) and Φ({ℓ} × U 2 ) must agree near the common end point γ x 1 (ℓ) = γ x 2 (ℓ). By a straight forward continuation argument we conclude that each geodesic segment γ x , x ∈ Σ, of length 2 ℓ meets Σ orthogonally at both end points. It is now easily argued that We now construct the example alluded to in the introduction.
Proposition 1. There exists a complete Riemannian 3-manifold M
3 with the following properties.
(1) M has nonnegative scalar curvature.
(2) M is diffeomorphic to R 3 and is asymptotically flat. (3) M contains a (two-sided) torus which is locally of least area.
Proof. Below we construct a Riemannian 3-manifold M 0 with the following properties.
(a) M 0 is diffeomorphic to S 1 × S 2 and has nonnegative scalar curvature. (b) The torus Σ = S 1 × E ⊂ M 0 , where E is the equator of S 2 , is totally geodesic and isometric to the standard product S 1 × S 1 (with both factors having the same radius). (c) A neighborhood U of Σ splits along Σ, i.e. U is isometric to the product
There is an open set V ⊂ M 0 disjoint from U which has constant positive sectional curvature. In the introduction we mentioned a simple example which (by adjusting radii) satisfies (a) -(c) above. The essential point here is that the metric of that example can be modified so that the example satisfies (d), as well.
Assume for the moment we have a 3-manifold M 0 satisfying (a) -(d). By cutting M 0 along Σ we obtain two solid tori, the boundary of each of which is a copy of Σ. By gluing the two solid tori back together along their toroidal boundaries after a suitable twist (i.e., gluing longitudes to latitudes and vice versa) we obtain an example, still called M 0 , which satisfies (a) -(d), except now M 0 is diffeomorphic to S 3 . (Roughly speaking, we have modified the metric on S 3 to a metric of 6 nonnegative scalar curvature in which the Clifford torus is locally of least area.) By Proposition 5.3 in [GL] , the metric of M 0 can be modified in an arbitrarily small neighborhood of some point p ∈ V such that M 0 \ {p} has nonnegative scalar curvature and such that a sufficiently small deleted neighborhood O of p is isometric to the product (0, ∞) × S 2 , where S 2 is round. One can then modify the metric on the end O, keeping the scalar curvature nonnegative, so as to make it asymptotically flat. For example, with a little care, the end O can be truncated and smoothly attached, keeping the scalar curvature nonnegative, to a suitable portion of the so-called Flamm paraboloid which is the hypersurface of revolution r = w 2 /8m + 2m in Euclidean 4-space, with Cartesian coordinates x, y, z, w, and r = x 2 + y 2 + z 2 . The Flamm paraboloid is isometric to the t = 0 slice in the Schwarzschild spacetime of mass m, and has zero scalar curvature. The result of carrying out these steps is a Riemannian 3-manifold satisfying the properties of Proposition 1.
It remains to construct a 3-manifold M 0 satisfying (a) -(d). To this end we describe the construction of a certain 3-manifold M 3 which is obtained by suitably perturbing and smoothing the boundary of a tubular neighborhood of a certain planar region in R 4 . The technique used here is similar to that considered by Gromov and Lawson ([GL] , Section 5), but involves certain refinements. M 0 is then obtained from M 3 by a simple cut and paste operation. In the Euclidean space R 4 , consider the region D in the x 1 x 2 −coordinate plane shown in Figure 1 . Denote by C + , C − , respectively, the upper and lower boundary curves of the region. The bump in C + is an arc of the circle of radius ρ centered on the negative x 2 −axis, where ρ > 0 is to be specified later. We smooth out C + at the two corners so that it still contains part of the arc. Now we consider the R-tubular neighborhood of D in R 4 , where R > 0 is to be specified later. Denote by ∂N the boundary of this tubular neighborhood.
The complement of this submanifold in ∂N consists of two components whose intersection with the normal space of ∂D at any point of ∂D is the hemisphere of radius R. We will replace the hemisphere by another suface Σ so that the resulting manifold is smooth and still contains D × S 1 (R) as an open submanifold. To this end, let's begin with the function k 0 (s) given in Figure 2 , where r > 0, η ≪ r and β is so chosen that Let k(s) be a C ∞ smoothing of k 0 (s) satisfying the following.
(1) k(s) differs from k 0 (s) only in the η 2 −neighborhoods of ± π 2 r ± η 2 , ±η and ±2η; we assume η ≪ r is sufficiently small so that |k(s) − k 0 (s)| ≈ 0. From the expressions for x(s) and y(s) we have the following two facts, which will be used later. (2). Hence,
where the last inequality follows from (3). Inequality (5) now follows. Notice that since k(s) ≡
, is an arc of the circle of radius 2r centered at (ρ, 0), where ρ > 0 is such that −x(0) + ρ = 2r. (Recall that −x(0) < 2r by (4)).
Denote by Σ the surface of revolution in Euclidean x-y-z space obtained by rotating γ about the x-axis. The part of the surface corresponding to − η 2 ≤ s ≤ η 2 , is a cap of the sphere of radius −x(0) + ρ = 2r centered at (ρ, 0, 0).
The principal curvatures of Σ at points of γ are given by,
Using this expression for κ 2 we obtain the following estimate.
For convenience, we will call the origin the focus of Σ and the x-axis the axis of Σ.
Back to domain D. Denote by C the boundary curves of D parametrized by arc length, and denote by n the unit normal vector to C pointing inward. Then, n ′ = κ c C ′ , where κ c is the signed curvature of C. By lowering the bump if necessary, we may assume that
We now carry Σ along C in such way that the focus of Σ moves along C, the 3-space containing Σ is the normal space of C at each point, and the axis of Σ points in the same direction as n. This results in a 3-surface which, when taken together with D × S 1 (R), where R = y( π 2 r + η), forms a smooth 3-manifold, M 3 .
From this construction, one sees easily that the 2-spherical cap on Σ, when carried along the circular part of the bump on C, forms a 3-spherical cap of radius −x(0) + ρ centered at the center of the bump. Hence M 3 contains a spherical cap.
We claim that the scalar curvature of M 3 is nonnegative. To prove this, let us fix a point on C and compute the scalar curvature of M 3 on the cross section through this fixed point.
By symmetry it will suffice to compute the scalar curvature along the curve (3) and (6) where the last inequality follows from (5). The last expression is easily seen to be nonnegative as η ≪ r and −1 ≤ b ≤ 0. Hence, M 3 has nonnegative scalar curvature as claimed.
Note that M 3 has two ends along the x 1 -axis both of which are isometric to a product [0, ∞) × S 2 . Truncating these ends and identifying the resulting boundary 2-spheres appropriately yields a Riemannian 3-manifold M 0 satisfying the properties (a) -(d). This completes the proof of Proposition 1.
We conclude with a remark about noncompact stable minimal surfaces. In [FCS] , Fischer-Colbrie and Schoen proved that a complete stable minimal surface in an orientable 3-manifold with nonnegative scalar curvature must be conformal to the complex plane or the cylinder A. In the latter case they show that if A has finite absolute total curvature then it is flat and totally geodesic. The example M = R × S 2 , where S 2 is flattened near the equator, shows that M need not be flat. However, in view of their results and the results presented here, it seems reasonable to conjecture that if the cylinder A is actually area minimizing (in a suitable sense) then M is flat (cf., Remark 4 in [FCS] ).
